
ASSIGNMENT 2

UNIFORM DISTRIBUTION THEORY 2021

DUE DATE: APRIL 7, 2021

Exercise 1. Let b ≥ 2. Show that α is normal to base b if and only if α is
simply normal to base bk for all k ≥ 1.

Exercise 2. Let b ≥ 2. Show that if α is normal to base b then so is nα for
any integer n ≥ 1.

Exercise 3. Assume that α is irrational, and d ≥ 2. Show that the se-
quence of vectors {~vn = (αn, αn2, . . . αnd) : n = 1, 2, . . . } ⊂ Rd is uniformly
distributed on the torus Td = Rd/Zd.

Hint: We know uniform distribution of αf(n) mod 1 where α is irrational
and f ∈ R[x] is a non-constant monic polynomial.

Exercise 4. Let f(x) = αx2 + βx + γ, with α = p/q 6= 0 rational, p, q ∈
Z\{0}, q ≥ 1, β is irrational, and γ ∈ R is real. Show that {f(n) : n =
1, 2, . . . } is uniformly distributed modulo one.

Hint: f(qm+ r) ≡ qβ ·m+ f(r) mod 1 if m, r ∈ Z.
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